
Chapter 2
Set Theory

Sections

2.1 Set Notation

2.2 Subsets and Venn Diagrams

2.3 Operations with Sets

2.4  Applications and Survey Analysis

Objectives
 • Develop an understanding of set operations

 • Use Venn diagrams to represent sets

 • Use Venn diagrams to solve problems with sets

 • Solve problems that involve survey analysis
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40 Chapter 2  Set Theory

Set Theory

When you are hanging out with your friends and you are all trying to determine a place to go 
to dinner, the decision is usually based on some common attributes of the restaurant you 
each prefer. One reason you might choose a restaurant is because several members of the 
group enjoy the milkshakes at that particular place or the restaurant may be close to where 
everyone works. Finding the ways in which the group opinions and choices overlap is part of 
the solution to finding a restaurant that makes everyone happy.

The same concept applies when formal surveys are used. The people analyzing the survey 
need techniques to help them understand where responses are the same, or overlap. For 
instance, suppose a school nutritionist is conducting a survey of student eating habits. He 
asks all of the students to fill out the following survey.

What sources of proteins did 
you consume yesterday?

Check all that apply.

 Meat Proteins

 Fish Proteins

 Plant‑Based Proteins

Figure 1

Using the methods in this chapter, the results of the student surveys can be analyzed and 
displayed visually to help the nutritionist understand student preferences on proteins for 
planning future meals in the cafeteria.

U Meat

Fish Plants

Figure 2

2
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2.1 Set Notation
Have you ever wondered how a pizza restaurant organizes all of their toppings in a manner that 
allows them to efficiently create pizzas to order? How is it possible that a supermarket keeps all 
of the products organized in a manner that allows shoppers to search for and find products? The 
answer is quite simple: the use of mathematical sets. From the ways in which you select clothes in 
your closet to how you organize the apps on your smartphone, the use of sets allows us to have a 
systematic way to analyze groups of items and information.

A flock of sheep, a litter of kittens, and an ensemble of musicians are all sets of things with living 
members. The alphabet is a set of letters; a line is a set of points. No matter what the set consists of, 
the mathematical concept of sets will be the building block for many areas of mathematics we will 
look at throughout this book.

Set
A set is a collection of objects made up of specified elements, or members.

To begin, we need to explain some notation for describing a set. Mathematical sets are commonly 
represented using capital letters and the elements of the set are represented by lowercase letters. 
We can express the member x as being an element of a set G symbolically by x ∈ G (read “x is an 
element of G ”). If y is not an element of G, we write y ∉ G (read “y is not an element of G ”). 

One of the most common ways to describe a set is to simply make a list all of the elements in the set. 
This notation is called the roster method. The common way to write a set using the roster method 
is for the elements of the set to be surrounded by braces and separated with commas. For example, 
the following sets A, B, C, and D are described using the roster method.

A = {1, 2, x, y, z}
B = {x, 1, 2, y, z}

C = 







1

2

2

3

3

4

4

5
, , ,

D = {Gwen, King Charles spaniel, Zoë, taxi}

Roster Method
Roster notation is a way to describe a set by listing all of the elements in the set.

Notice that set D does not contain any numerical elements at all. Sets are not limited to numbers. 
In fact, they can contain anything—real or imaginary. An element of a set may be a number, but it 
could also be a griffin, a lychee, or a caterpillar. The only thing the elements of a set might have in 
common is that they are all members of that set. In fact, did you wonder what the elements in D all 
have in common when you first looked at that set? The only obvious thing that they have in common 
is that they are all members of the set D.

In set theory, sets themselves can even be elements of other sets. Consider the set G, which is a set 
consisting of sets of paired numbers.

G = { } { } { } { } { }{ }1 2 3 4 5 6 7 8 9 10, , , , , , , , ,

Fun Fact
The griffin is a mythical 
creature considered to be the 
king of all creatures, known 
for guarding valuable and 
precious articles.

  Heraldic guardian griffin at 
Kasteel de Haar, Netherlands

Native to the Guangdong and 
Fujian provinces of China, the 
cultivation of the tropical fruit 
lychee can be traced back to 
at least 2000 BC.

  Lychees for sale at a Malaysian 
fruit stall.
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42 Chapter 2  Set Theory

The individual numbers 1 through 10 are not members of the set G; however the sets of paired 
numbers such as {1, 2} are. 

It’s important to point out that there is no concept of order in a set. Thus, the two sets A and B that we 
introduced previously are really the same set because they contain the same elements. We’ve listed 
them again so that you can check for yourself.

A = {1, 2, x, y, z}
B = {x, 1, 2, y, z}

When two sets contain exactly the same elements, the sets are said to be equal. So, we can write A = B.

Equal Sets
Two sets are said to be equal if they contain exactly the same elements. If sets A 
and B are equal, we write A = B.

Sets come in all shapes and sizes: some have infinitely many elements and some have a finite number 
of elements. Recall that a set having infinitely many elements means that a list of the elements would 
go on forever; whereas a finite set has a specific number of elements. The roster notation for an 
infinite set often includes a series of three dots, called an ellipsis, that indicates that the set continues 
on without ceasing. For instance, the set of positive integers can be written as Z = {1, 2, 3, 4, . . .}. 
An ellipsis can also be used to indicate when a certain pattern is continued within a list of set 
members. For instance, when describing the even numbers between 2 and 100, we could write 
L = {4, 6, 8, . . . , 98}.

In this text, we will focus most of our discussion on finite sets. Since finite sets have a specific 
number of elements, we can discuss their cardinal numbers. The cardinal number of a finite set is the 
number of elements contained in the set, or in other words, the size of the set. The cardinal number 
is denoted by | |. For example, if A = {a, b, c, d, e}, then |A | = 5.

Cardinal Number
The number of elements contained in a finite set is called the cardinal number, or 
cardinality. The cardinal number is denoted by | |.

Example 1: Using the Roster Method to Represent a Set

Use the roster method to represent S, the set of states in the United States that begin with the 
letter M. Then, find |S |. 

Solution
There are eight states in the United States that begin with the letter M. Therefore, 

S = {Maine, Maryland, Massachusetts, Michigan, Minnesota, Mississippi, Missouri, Montana}
Because S contains eight elements, |S | = 8.

Note that although we listed the elements in S in alphabetical order for the ease of the reader, this 
is not necessary when using the roster method. Remember that the order of the elements does not 
matter in a set.

ZZ Helpful Hint

Some textbooks may 
use n( ) to indicate the 
cardinal number of a set. 
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When two finite sets have the same cardinal number, that is, the same number of elements (no matter 
if the elements are of the same type or not), the sets are said to be equivalent. For instance, sets C 
and D both contain 4 elements, so C is equivalent to D. We’ve listed the sets again so that you can 
check for yourself.

C = 







1

2

2

3

3

4

4

5
, , ,

D = {Gwen, King Charles spaniel, Zoë, taxi}
Symbolically, we write C ~ D, which is read “C is equivalent to D.” 

Equivalent Sets
Sets are equivalent if they have the same cardinal number; that is, the same 
number of elements. If sets C and D are equivalent, we write C ~ D. 

Example 2: Determining Equal and Equivalent Sets

Determine if the given pairs of sets are equal, equivalent, or neither. 

a. A =  {Public Health, International Studies, Mechanical Engineering, Music Education, 
Political Science}

 B = {Tim, Gloria, Alan, Warren, Karen}

b. X = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}
 Y = {20, 18, 16, 14, 12, 10, 8, 6, 4, 2}

Solution

a.  |A | = 5 and |B | = 5, therefore, the sets are equivalent to one another, and we can write 
A ~ B. However, because they do not contain the same elements, they are not equal to 
one another.

b.  |X | = 10 and |Y | = 10. Even though the order of the elements is different, both contain 
the even numbers from 2 to 20. Therefore, the sets are equal, and we can write X = Y. 
When two sets are equal, they are by definition also equivalent.

Describing a set using the roster method is very convenient for small sets, however it quickly loses 
its usefulness for big sets. An alternative when the members of a set all share a certain property is to 
describe the elements using set‑builder notation. For instance, the following describes the integers, 
Z, using set‑builder notation. 

Z = {n | n is an interger}
It is read “Z is the set of all n such that n is an integer.”

Set-Builder Notation
Set-bulder notation is used to describe a set when the members all share certain 
properties.

Think Back
R represents the set of real 
numbers, N represents the 
set of natural numbers, Z 
represents the set of integers, 
and W represents the set of 
whole numbers. All of these 
sets are infinite sets.
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Set‑builder notation is extremely helpful when representing an infinite set of numbers like the 
natural numbers. It is impossible to list out every member of an infinite set, but by describing it in 
this manner, set‑builder notation encompasses the entire set.

Example 3:  Using Set-Builder Notation 
to Represent a Set

Use set‑builder notation to represent Y, the set of all even integers. 

Solution
Y = {x | x is an even integer}
Note that there are many correct ways to write the solution. Alternative solutions include 
Y = {x | x ∈ Z and x is even} and Y = {2x | x is an integer}.

Skill Check #1
Represent the set J of all natural numbers less than 10, using both the roster 
method and set‑builder notation.

There are a couple of very special types of sets that we need to define. The first of these is the empty 
set, also called the null set. Think for a moment about the set A, which is the set of states that border 
Hawaii. Since Hawaii is a made up of islands that do not border any other state, A has no elements 
and is an empty set. If a set is empty, we denote this symbolically by writing A = ∅, or sometimes 
A = { }. The cardinality of the empty set is 0. The empty set should not be confused with the set 
{∅} or the set {0}, both of which contain a single element. The first is the set whose only element is 
an empty set and the second is the set containing the number 0, both of which have a cardinality of 1.

Empty Set
The empty set, or null set, is the set that contains no elements. If set A is empty, 
we write A = ∅.

Example 4: Determining Empty Sets

Determine if the following sets are empty sets.

a. The set A of negative numbers less than 100.

b. The set B of any state that contains the letter q in its name.

Solution

a.  Since it is the case that all negative numbers are less than 100, the set A is not empty. In 
fact, it is a set with infinitely many elements.

b.  Since there are not any states whose names contain the letter q, this set is empty. That 
is, B = ∅.

ZZ Helpful Hint

Set‑builder notation may 
also use a colon instead of 
a vertical line to represent 
“such that.” For example,

Y = {x : x is an even integer}.
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Skill Check #2
Give an example of an empty set.

The second special set to mention is the universal set, U. The universal set is the set of all elements 
that are being considered in any particular situation. For instance, suppose you are buying a car. The 
universal set could be the set of all new cars available, it could be the set of all used cars available, 
or it might be both—the set of all new and used cars available. Choosing a universal set “sets the 
scene” for those elements that will be considered. 

Universal Set 
The set of all elements being considered for any particular situation is called the 
universal set and is denoted by U. 

The universal set is especially useful in that it allows us to express everything that is not in a particular 
set. For instance, let’s go back to our car example. Suppose the universal set is the set of all new and 
used cars that are available. Assume you can afford a car under $25,000. Then the set of cars you can 
afford is A = {c | c ∈ U and cost < $25,000}. Since not everyone has the luxury of choosing from 
every possible make and model of car in the world, not all cars are included in A. For instance, in 
most situations, a $4,000,000 Lamborghini would not be up for consideration, and therefore would 
not be in the set A. It would be in the complement of A, denoted A′. In other words, it is an element 
of the universal set that is not in the set A. In our car example, A' = {c | c ∈ U and cost ≥ $25,000}.

Complement
The complement of A consists of all the elements in the given universal set that are 
not contained in A. The complement of A is denoted A′.

The set‑builder notation for the complement of set A is A′ = {x | x ∈ U, x ∉ A}.

Consider for a moment two special sets: the universal set and the empty set. One contains all of 
the elements being considered and the other contains no elements. Hence, the universal set and the 
empty set will always be complements of one another. 

U ′ = ∅  and ∅′ = U

Example 5: Determining the Complement of a Set

Twitter is a type of online social media where registered users can post “tweets” that are up 
to 140 characters long. In the world of Twitter, you can keep up with what other users post 
by “following” them and in turn, other users can “follow” you and your tweets. 

Let 

 U = {x | x is a registered user on Twitter}
 A = {x | x is a registered user on Twitter and x follows you on Twitter}
 B = {x | x is a registered user on Twitter and you do not follow x on Twitter}
Determine the complements of A and B.

ZZ Helpful Hint

The complement of A can 
be denoted by A′, Ac, or A.
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Solution
Since A is the set of all Twitter users who follow you on Twitter, the complement of A 
is the set of all registered Twitter users who do not follow you on Twitter. We write the 
complement of A in the following manner.

 A′ = {x | x is a registered user on Twitter and x does not follow you on Twitter}
Since Twitter currently has more than half a billion users, it is likely that A′ is much 
larger than A.

B is the set of all registered users who you do not follow on Twitter; so, the complement of B is 
the set of registered users who you do follow on Twitter. We can write the complement of B as 

 B′ = {x | x is a registered user on Twitter and you follow x on Twitter}.

Skill Check #3
Let U = {x | x is a book published in the US in 2014} and A = {x | x ∈ U and you read 
x as an e‑book}. Find A′. Is it possible for you to have read a book in A′?

Skill Check Answers
1.  Roster notation: J = {1, 2, 3, 4, 5, 6, 7, 8, 9}; 

Set‑builder notation: J = {x | x ∈ N, x < 10}

2.  Answers will vary. Examples may include A = {x | x ∈ N, x < 0}; 
B = {x | x is a US President before Barack Obama and x is a woman}

3. A′ = {x | x ∈ U, and you did not read x as an e‑book}; Yes, but not as an e‑book.

2.1 Exercises

Determine whether each statement is true or false. If the statement 
is false, explain why. 

1. It is always possible to list every element of a set using the roster method.

2. ∅ ~ {0}

3. Let U = {set of all students enrolled at Xavier University} and A = {x | x ∈ U and x is a student 
with less than 30 earned credit hours}. Then A′ = {x | x ∈ U and x is a student with at least 30 
earned credit hours}.

4. 0 ∈ ∅ 5. x ∈ {x, y, z}

6. {x} ∈ {x, y, z} 7. |∅| = 0

1. False; the set may be an 
infinite set.

2. False; ∅ has no 
elements but {0} has 
one element, so they are 
not equivalent. 

3. True

4. False; since the empty 
set has no elements, 0 
cannot be an element 
of it.

5. True

6. False; the element x is an 
element of the given set, 
but the set containing x 
is not an element of the 
set given.

7. True
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8. Let Y = {Tim, Emilia, Aleesa, Whit}, then |Y | = 4.

9. Let A = {Sounds, Angels, Ravens, Titans} and B = {201, 38, 46, 23}, then A ~ B.

Write each set using the roster method.

10. A is the set of months of the year that have exactly 30 days.

11. B is the set of states whose names begin with the letter N.

12. C is the set of positive numbers smaller than 100 that have 2 digits that are the same.

13. D is the set of last names of people who teach this course at your university.

14. E is the set of planets in our solar system.

15. F is the set of weekdays.

Solve each problem.

16. Give an example of a set that cannot be represented using the roster method. 

17. Describe 2 sets of which you are a member.

Write each set using set-builder notation.

18. Let G be the set of whole numbers.

19. Let H be the set of natural numbers less than or equal to 50.

20. Let U be the set of all the states in the United States of America and J be the set of all states 
that border an ocean.

21. Let U be the set of all students enrolled at a public school of higher education and K be the set 
of all collegiate athletes.

Write a description for each set. It is possible for more than one 
description to be correct.

22. J = {-11, -9, -7, -5, -3, -1} 23. K = {$1, $2 $5, $10, $20, $50, $100}

24. M = {Saturday, Sunday} 25. N = {January, June, July}

8. True

9. True

10. A = {April, June, 
September, November}

11. B = {Nebraska, Nevada, 
New Hampshire, New 
Jersey, New Mexico, 
New York, North 
Dakota, North Carolina}

12. C = {11, 22, 33, 44, 55, 
66, 77, 88, 99}

13. Answers will vary.

14. E = {Mercury, Venus, 
Earth, Mars, Jupiter, 
Saturn, Uranus, 
Neptune}. At printing, 
Pluto is not classified as 
a planet.

15. F = {Monday, Tuesday, 
Wednesday, Thursday, 
Friday}

16. Answers will vary. An 
example may be the set 
of even integers.

17. Answers will vary. 

18. G = {x | x ∈Z, x ≥ 0}
19. H = {x | x ∈N, x ≤ 50}
20. J = {x | x ∈U, x borders 

an ocean}
21. K = {x | x ∈U, x is an 

athlete}
22. J is the set of negative 

odd integers greater than 
-12.

23. K is the set of US paper 
currency that is at most 
$100.

24. M is the set of weekend 
days.

25. N is the set of months 
beginning with the letter 
J.
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Write each set using the roster method.

26. A = {x | x is an odd number and 20 < x < 30}

27. B = {x | x ≤ 15 and x is a positive multiple of 3}

28. C = {x | 2x = 4}

29. D = {x | x is a state that shares a common border with Colorado}

The table shows the total number of official Olympic medals for all 
recorded time (1896 through the Winter games of 2014) for the top 10 
countries, some of which are no longer countries. Let the universal 
set consist of the 10 countries listed. Solve each problem.

Top 10 All-Time Olympic Medal Winning Countries
Team Gold Silver Bronze Combined Total

United States (USA) 1072 860 749 2681

Soviet Union (URS) 473 376 355 1204

Great Britain (GBR) 246 276 284 806

Germany (GER) 252 260 270 782

France (FRA) 233 254 293 780

Italy (ITA) 235 200 228 663

Sweden (SWE) 193 204 230 627

China (CHN) 213 166 147 526

Russia (RUS) 182 162 177 521

East Germany (GDR) 192 165 162 519

Source: Wikipedia, s.v. “All-time Olympic Games medal table,” accessed July 2014, http://en.wikipedia.
org/wiki/All-time_Olympic_Games_medal_table

30. Let X equal the set of countries who have won more than 1000 medals overall. Write the set X 
using the roster method.

31. Let Y equal the set of countries who have won between 500 and 1000 medals overall. Write the 
set Y using the roster method.

32. Let Z equal the set of countries who have won less than 500 medals overall. Write the set Z 
using the roster method.

33. Let G equal the set of countries who have won more than 200 Gold medals. Write the set G 
using the roster method.

34. Is X = G? Explain.

35. Is X ~ G? Explain.

26. A = {21, 23, 25, 27, 29}
27. B = {3, 6, 9, 12, 15}
28. C = {2}
29. D = {Wyoming, 

Nebraska, Kansas, New 
Mexico, Oklahoma, 
Utah, Arizona}

30. X = {USA, URS}
31. Y = {CHN, SWE, ITA, 

FRA, GER, GBR, RUS, 
GDR}

32. Z = ∅ or Z = { }
33. G = {CHN, ITA, FRA, 

GER, GBR, URS, USA}
34. No; they have different 

elements.

35. No; they have different 
cardinal numbers, that 
is, a different number of 
elements.
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Use the given sets to answer each question.

P = {lasagna, rotini, orzo, tortellini, penne}

Q = {x | x is a pasta shape}

R = {penne, tortellini, orzo, rotini, lasagna}

S = {marinara, pesto, alfredo, Bolognese, carbinara}

36. Is P = Q? Why or why not?

37. Is P = R? Why or why not?

38. Is P = S? Why or why not?

39. Are any of P, Q, R, and S equivalent? Explain.

Use the given sets to answer each question.

A = {Business, Physics, Psychology, Kinesiology, Graphic Design, History}

B = {History, Graphic Design, Kinesiology, Physics, Business}

C = {Art History, Education, Nursing, Biology, Statistics}

D = {x | x is a university major}

40. Is A = B? Why or why not?

41. Is B = C? Why or why not?

42. Is A = D? Why or why not?

43. Are any of A, B, C, and D equivalent? Explain.

Determine the cardinal number of each set.

44. W = {3, 4, 5, 6, 7, 8, 9, 10, 0}

45. X = {x | x ∈ Z, x is even, and |x| < 10}

46. The empty set 

47. Y = {x | x is a United States president, past or present}

36. No; there are many other 
pasta shapes not in P, 
such as spaghetti.

37. Yes; they have the same 
elements, just in a 
different order. 

38. No; they have different 
elements.

39. Yes; P, R, and S are all 
equivalent. They all 
contain 5 elements. Q is 
not equivalent to any of 
them.

40. No; Psychology is an 
element of A, but not B.

41. No; they have different 
elements.

42. No; there are other 
university majors other 
than those in A. 

43. B is equivalent to C 
since they each have 5 
elements. A and D are 
not equivalent to the 
other sets.

44. |W | = 9

45. |X | = 9

46. |∅| = 0

47. |Y | = 43, as of printing
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Use the set A = {b, a, s, k, e, t} to solve each problem.

48. Find |A|.

49. If U = {a, b, c, d, . . . , x, y, z}, find A′.

50. If U = {a, b, c, d, . . . , x, y, z}, find |A′|.

51. If U = {a, b, c, d, . . . , x, y, z, A, B, C, D, . . . , X, Y, Z}, find A′.

52. If U = {a, b, c, d, . . . , x, y, z, A, B, C, D, . . . , X, Y, Z}, find |A′|.

Use the set B = {1, 2, 3, 4} to solve each problem.

53. Find |B|.

54. If U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, find B′.

55. If U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, find |B′|.

56. If U = {-9, -8, -7, -6, . . . , 6, 7, 8, 9}, find B′.

57. If U = {-9, -8, -7, -6, . . . , 6, 7, 8, 9}, find |B′|.

Solve each problem.

58. Let A be a set in which one of the elements is President Barack Obama. List at least three 
different universal sets for A.

59. Let X be a set in which one of the elements is π. List at least 3 different universal sets for X.

48. 6

49. A′ = {c, d, f, g, h, i, j, l, 
m, n, o, p, q, r, u, v, w, 
x, y, z}

50. 20

51. A′ = {c, d, f, g, h, i, j, l, 
m, n, o, p, q, r, u, v, w, x, 
y, z, A, B, C, D, E, F, G, 
H, I, J, K, L, M, N, O, P, 
Q, R, S, T, U ,V, W, X, 
Y, Z}

52. 46

53. 4

54. B′ = {0, 5, 6, 7, 8, 9}
55. 6

56. B′ = {-9, -8, . . . , -1, 0, 
5, 6, 7, 8 ,9}

57. 15

58. Answers will vary. 
Examples may include 
U = {x | x is or was the 
president of the United 
States},  
U = {turnip, Barack 
Obama, rainbow},  
U = {x | x is a citizen of 
the United States}.

59. Answers will vary. 
Examples may include 
U = {π}; U = R; 
U = {x | x ∈ R, x > 0}
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2.2 Subsets and Venn Diagrams
An important part of interacting with mathematical concepts is finding ways to express them 
visually. One way to visualize the relationships between sets is in the form of a Venn diagram. 
Venn diagrams were first introduced by British logician John Venn. These diagrams are used to help 
conceptualize relationships in many fields, including set theory, logic, probability, statistics, and 
computer science. In a Venn diagram, the sets are represented by circles (or ovals) contained within 
a rectangular region representing the universal set

Venn Diagram
A Venn diagram is a way to visualize the relationships between sets. In a Venn 
diagram, the sets are represented by circles (or ovals) contained within a rectangular 
region representing the universal set.

The ovals are often labeled with the names of the sets they represent, and the elements of a set can 
be listed within their set oval. 

Figure 1 shows a Venn diagram that represents the set A = {1, 2, 3} within the universal set 
U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Notice how the elements of A and U are positioned in their 
respective regions in the diagram. It’s also worth noting that neither the size of the oval nor the size 
of the rectangle have any significance in Venn diagrams.

U

A
4
5
6
7
8
9
10

1
2
3

Figure 1

Example 1: Interpreting Venn Diagrams

The following Venn Diagram represents the sets S, T, and V within the universal set 
U = {x | x ∈ English alphabet}. Use the diagram to answer the following questions.

U
S

V

Tk
a
s

t
m

j
d

e
c
p

a. List the elements of the sets S, T, and V in roster form.

b. Find |S |, |T |, and |V |.

c. Find T ′.

d. Is S = V ? Is S ~ V ? Explain your answers.

math 
milestone

John Venn (1834-1923)  
was British born and 
educated. He came from a 
long line of Anglican priests, 
and indeed became one 
himself. His ultimate passions 
led him to become a lecturer 
at Cambridge University, 
studying and teaching logic 
and probability theory. 
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Solution

a. S = {k, a, s}
 T = {t, m, j, d}
 V = {e, c, p}
  Remember, that the order in which the elements are listed is not important. Therefore, it 

is also correct to list the elements of each set in a different order. 

b.  In order to find the cardinal number of each set, S, T, and V, we simply need to count the 
number of elements in each set. Therefore |S | = 3, |T | = 4, and |V | = 3.

c.  Recall that T ′ contains all of the elements in the universal set that are not in T. Be 
careful to list all elements not in T and not just the elements in the other sets. Therefore 
T ′ = {a, b, c, e, f, g, h, i, k, l, n, o, p, q, r, s, u, v, w, x, y, z}.

d.  For S = V, they would have to have exactly the same elements. Since this is not the case, 
S ≠ V. However, since S and V both have cardinality of 3, they are equivalent to one 
another. That is, S ~ V. 

Example 2: Interpreting Venn Diagrams

There is an increasing number of electric vehicles on the roads in the United States. The 
number of charging stations available for these cars varies from state to state. The states 
with the most public and private electric charging stations are California, Florida, Oregon, 
Texas, and Washington.

Let

 U = {x | x ∈ all public and private electric charging stations in the United States}
 C = {x | x ∈ U, x ∈ all public and private electric charging stations in California}
 F = {x | x ∈ U, x ∈ all public and private electric charging stations in Florida}
 O = {x | x ∈ U, x ∈ all public and private electric charging stations in Oregon}
 T = {x | x ∈ U, x ∈ all public and private electric charging stations in Texas}
 W = {x | x ∈ U, x ∈ all public and private electric charging stations in Washington}
The following Venn diagram depicts the top five states with the most electric charging 
stations. The cardinal number for each set is shown inside the appropriate oval.1

|C| = 5415

|U| = 19996
|O| = 923 |F| = 1009

T
|T| = 1613

U

C

O F

W
|W| = 1339

1 US Department of Energy: Alternative Fuels Data Center, http://www.afdc.energy.gov
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Use the Venn diagram to answer the following questions. Assume all questions refer to both 
public and private stations.

a. Which state has the most electric charging stations?

b. Which state has the second highest number of charging stations?

c. How many electric charging stations do the top five states have all together?

d.  How many charging stations are in the United States, but not in one of the top five states 
in the diagram?

Solution

a.  Using the Venn diagram, we can see that California has the most charging stations with 
5415 in the state.

b.  Don’t be fooled by the size of the circles in the diagram. Remember that the size of 
a circle is of no consequence in a Venn diagram. Looking at the size of the sets by 
their numbers, we see that Texas, with 1613 stations, has the second highest number of 
charging stations.

c.  In order to determine how many combined charging stations there are in the top five 
states, we need to add together the size of all five sets. 

 Total Number = C T W F O+ + + +  = 5415 + 1613 + 1339 + 1009 + 923 = 10,299

 So the top five states have a combined total of 10,299 electric charging stations.

d.  In order to find the total number of electric charging stations in the United States that are 
not in one of the top five states, we need to subtract the answer we found in part c. from 
the total number of charging stations in the universal set. We know the cardinal number 
of U is 19,996. Therefore, we have 19,996 - 10,299 = 9697 electric charging stations 
that are in the United States, but not in one of the top five states.

Notice in the previous example that none of the circles in the Venn diagram overlap. Since it is 
impossible for a single electric charging station to be in two states at once, the circles will be 
completely separate and not overlap in the diagram.

Let’s consider a situation where the circles in a Venn diagram do overlap in a particular way. At State 
University, a graduating senior with a GPA of at least 3.8 is always chosen at random to introduce 
the commencement speaker at graduation. Consider what the Venn diagram would look like to 
illustrate this situation. Let the universal set be all students at State University. Then, let set A consist 
of the graduating seniors. In order to be chosen to introduce the commencement speaker, you must 
be a graduating senior who also has a GPA of at least 3.8. The set of all possible students that can be 
chosen to introduce the speaker is a smaller set B contained within A, referred to as a subset.

U
A

Graduating Seniors

B
GPA ≥ 3.8

Figure 2
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Subset
If A and B are sets, B is a subset of A if every element of B is also an element of A. 
We write B ⊆ A.

Example 3: Drawing a Venn Diagram with Subsets

Let

 U = {x | x is a student at State University} 

  W =  {x | x is a student at State University majoring in Computer Science with a minor 
in Business}

 Y = {x | x is a student at State University majoring in Computer Science}
Draw a Venn diagram to represent the sets U, W, and Y at State University.

Solution
Begin by drawing a rectangle representing the universal set of all students at State University. 
This rectangle can be any size you like.

U

Next, we need to decide how the sets W and Y are to be drawn. Notice the set Y contains all 
students majoring in computer science and the set W is a more specific group of students 
who not only are majoring in computer science, but also are minoring in business. Therefore 
W ⊆ Y. So the Venn diagram will look like the following. 

U
Y

W

Although, your diagram may look a little different than the one shown here, it should 
resemble the structure of this one. In other words, the oval representing W should be 
completely contained within the oval representing Y.
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Skill Check #1
Draw a Venn diagram of the following.

U = {x | x is a computer}
A = {x | x is an iPad}
B = {x | x is a tablet computer}

A more restricted type of subset is the proper subset.

Proper Subset
When B ⊆ A, and A contains at least one element that is not contained in B, B is 
said to be a proper subset of A, and is written B ⊂ A. 

Another way to think of a proper subset is that B is a subset of A, but B is not equal to A. It is actually 
“properly contained” within A. Consider our example about State University and computer science 
majors. If all computer science majors at State University were also minoring in business, then Y 
and W would actually be the same set and W would not be a proper subset of Y. In Example 3, W 
was a proper subset of Y.

As another example, consider the set X = {a, b, c, d, e, f}. The sets Y = {a, b, f} and Z = {c} are both 
proper subsets of X. However, the sets V = {a, b, c, d, e, f} and W = {a, b, h} are not proper subsets 
of X; V is not a proper subset because it contains every element of X, and W is not a subset at all. 
It’s important to note that the empty set will always be a proper subset of any set, except in the case 
of the empty set itself. Think about that for a moment. Since a proper subset is any combination of 
elements within the set that does not include the entire set, then this must also include the empty 
set, which contains no elements at all. However, the empty set cannot be a proper subset of itself 
because it is equal to itself. In that same vein, every set is a subset, but not a proper subset, of itself.

Example 4: Identifying Proper Subsets

Let X = {1, 2, 3}. List all the proper subsets of X. 

Solution
All proper subsets of X must exclude at least one member of X. In our example, this means 
that each proper subset can have at most two elements in it. In fact, the proper subsets may 
contain two elements, one element, or no elements. A table listing out the possible proper 
subsets in order will help us.

Table 1
Table Title

Proper Subsets with Precisely  
2 Elements

Proper Subsets with Precisely  
1 Element

Proper Subsets with Precisely  
0 Elements

{1, 2 } {1 } ∅

{1, 3 } {2 }
{2, 3 } {3 }

So, there are 7 proper subsets of the set {1, 2, 3}.

ZZ Helpful Hint

 = “not a subset of ”

⊄ = “not a proper subset of ”
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Skill Check #2
List all of the proper subsets of the set {a, b, c, d}.

Notice that in Example 4, the number of subsets that X contains would be the same no matter what 
the elements are. It would not matter if the elements were apple, banana, and pineapple instead of 
1, 2, and 3. Any set with three elements will always have 7 proper subsets. Then how many subsets 
are in a set containing 10 elements? Or 100? Determining the number of proper subsets by listing 
the subsets seems easy enough when there are only 3 elements in the set; however, this method 
quickly becomes tedious with a set containing 100 elements. Luckily, there is no need to resort to 
such measures. Knowing the cardinal number of a set is enough to determine how many subsets and 
proper subsets are contained within a set. 

Number of Subsets and Proper Subsets of a Set
If the cardinal number of a set is n, then there are 2n subsets and 2n – 1 proper 
subsets contained in the set.

We'll leave the verification of why there are 2n subsets as an exercise. But, we can see that since 
the definition of a proper subset requires that we exclude at least one member of the set, the only 
subset that is not proper is the set itself. Therefore the number of subsets and proper subsets 
differ by only one. 

Let’s consider Example 4 again. The set x = {1, 2, 3} has a cardinal number of 3. We can use the 
formula to confirm that we noted all of the proper subsets. Using the formula, the number of proper 
subsets is as follows.

2 1 8 1
7

3 − = −
=

Thinking back, the only subset that we did not include in the proper subsets was the set itself, that 
is, the set containing all three elements. If we add this one to the list of subsets, we get 23 = 8, which 
is the total number of subsets.

Example 5: Determining the Number of Subsets

Dr. Williams is eating at China Buffet one afternoon and notices a sign that says: 

“So many possibilities—you could spend a lifetime eating at China Buffet  
and never have the same meal twice!”

He wonders how many different plates he could make from the 16 items on the buffet. 
He can have all, none, or some of the items. Help Dr. Williams determine the number of 
different plates he could make at the buffet.

Solution
When Dr. Williams makes a plate, he chooses a subset of the items from the buffet. The 
number of different plates that Dr. Williams could put together is the number of subsets of 
the 16 items on the buffet. Since there is no requirement on the number of food items he 
needs to have on a plate, we can use the formula for the number of subsets to determine how 
many different plates he could make. Using the formula for the number of subsets, we have
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number of plates = =2 65 53616 , .

This means that if Dr. Williams ate at China Buffet once a day every day, he could eat 
for almost 180 years without duplicating a meal. Certainly, it would seem the sign is not 
misleading.

Skill Check Answers
1. U

B

A

2.  ∅, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c. d}, {a, b, c}, {a, b, d}, 
{a, c, d}, {b, c, d}

2.2 Exercises

Use the Venn diagram to solve each problem.

U

A

Greg 
Anna

Bethany
Clair

Oscar

Alex 
Georgina
Charles
Olivia

B

Richard

Karl

Rhonda

Matthew

1. List A and B using the roster method.

2. Find A′

3. List U using the roster method.

Draw each Venn diagram.

4. Let U consists of all artists. Draw a Venn diagram to represent the two sets violinist and 
musicians. 

5. Let U consists of all four legged animals. Draw a Venn diagram to represent the two sets male 
dogs and female dogs.

1. A = {Greg, Anna, 
Bethany, Clair, Oscar}; 
B = {Alex, Georgina, 
Charles, Olivia}

2. A′ = {Alex, Georgina, 
Charles, Olivia, Richard, 
Karl, Rhonda, Matthew}

3. U = {Greg, Anna, 
Bethany, Clair, Oscar, 
Alex, Georgina, Charles, 
Olivia, Richard, Karl, 
Rhonda, Matthew}

4. U

Musicians
Violinists

5. 
Female
Dogs

Male
Dogs

U
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6. Draw a separate Venn diagram to illustrate each of the following.

a. W ⊆ Y

b. Y ⊆ W

7. Let U = {x | x ∈ R}, W = {x | x is a counting number less than 20}, and Y = {2, 4, 6, 8, 10}. 
Draw a Venn diagram to represent U, W, and Y with the elements in the proper regions.

8. Let U = {Red, Orange, Yellow, Green, Blue, Indigo, Violet}, A = {Green, Orange, Yellow}, 
and B = {Indigo, Violet}. Draw a Venn diagram to represent U, A, and B with the elements in 
the proper regions.

Solve each problem.

9. Let A = {0, 1, 2, 3, 4, 5} and B = {5, 4, 3, 2, 1}. Is B ⊆ A?

10. Let A = {{a, b}, c, d, e} and B = {a, b, c}. Is B ⊆ A?

11. Explain why Red ⊄ {Red, Blue, Green}.

12. The set B contains the names of three of the most expensive paintings ever sold. If 
B = {The Card Players by Cézanne, No. 5 1948 by Pollock, Woman III by de Kooning}, list 
all the subsets of B. 

13. The set C contains the names of the top three grossing films of all time as of Summer 2014. If 
C = {Avatar, Titanic, Marvel’s The Avengers}, list all of the proper subsets of C.

Determine whether each statement is true or false. If the statement 
is false, explain why.

14. The set {s, t, u, v} has exactly 16 subsets and 17 proper subsets.

15. A set can have an even number of proper subsets.

Solve each problem.

16. Given A = {x | x ∈ positive whole numbers less than 100} and B = {x | x ∈ even integers less 
than 100}, is either set a subset of the other? Explain.

17. W contains The New York Times’ top five fiction books for 2013. If W = {The Goldfinch, 
Americanah, The Flamethrowers, Life After Life, Tenth of December}, how many subsets does 
W contain? How many proper subsets?

18. Given that B = {E, �, �, U, �, T, ®, ©}. How many subsets does B have? How many proper 
subsets does B have?

6. a. 
U

Y
W

b. 
U

W
Y

7. 

1 3 5 7 9
11 12 13 14 15
16 17 18 19

U

2 4 6
8 10

Y W

8. U
A

B

Yellow
Green

Indigo
Violet

Blue
Red

Orange

9. Yes

10. No, c is an element of 
both sets, but nothing 
else is an element of 
both. 

11. Red is not a set, so it 
cannot be a subset.

12. ∅, {The Card Players 
by Cézanne}, {No. 
5 1948 by Pollock}, 
{Woman III by de 
Kooning}, {The Card 
Players by Cézanne, 
No. 5 1948 by Pollock}, 
{The Card Players by 
Cézanne, Woman III by 
de Kooning}, {No. 5 
1948 by Pollock, Woman 
III by de Kooning}, 
{The Card Players by 
Cézanne, No. 5 1948 by 
Pollock, Woman III by 
de Kooning}.

13. ∅, {Avatar}, {Titanic}, 
{Marvel’s The 
Avengers}, {Avatar, 
Titanic}, {Avatar, 
Marvel’s The Avengers}, 
{Titanic, Marvel’s The 
Avengers}.
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19. Determine the number of subsets contained in Y if Y = {x | x is an odd positive integer 
and x < 25}.

20. A set has 32 subsets. How many elements are in the set?

21. A set has 127 proper subsets. How many elements are in the set?

22. A new keyless car security system allows the owner to create a “handprint” to start the car by 
selecting up to five places on the six‑space keypad on which to place their fingers. How many 
possible handprints can the user choose from if at least one space must be selected?

23. Pizza Jet promotes a special lifetime offer—once you order all possible pizza combinations 
from Pizza Jet, you can get free pizza for life! Pizza Jet offers a selection of 12 toppings 
(including cheese) for their pizzas. How many different pizzas must you order from Pizza Jet 
to qualify for their lifetime offer? Is this possible? Explain.

24. The national fast food chain Wendy’s advertises that there are 256 ways to personalize a 
Wendy's hamburger. How many condiments must Wendy’s carry for their customer to have 
this many choices?

25. Fill out the table to verify that the number of subsets of a set is 2n and the number of proper 
subsets of a set is 2n - 1. Assume the elements of the sets are the numbers 0, 1, 2, . . . , n.

Number of 
Elements in the Set

List the Proper 
Subsets

Number of Proper 
Subsets

Number of Subsets

0

1

2

3

4

n

25. # of 
Elements

Proper Subsets
# of Proper 

Subsets
# of 

Subsets

0 None 0 1

1 ∅ 1 2

2 ∅, {1}, {2} 3 4

3 ∅, {1}, {2}, {3}, {1, 2}, {2, 3}, {1,3} 7 8

4
∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, 

{1,4}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3}, 
{1, 2, 4}, {1, 3, 4}, {2, 3, 4}

15 16

n
All possible subsets except 

{1, 2, 3, . . . , n - 1, n} 2n – 1 2n

14. False; there are 24 = 16 
subsets and 24 - 1 = 15 
proper subsets.

15. True; the empty set has 
20 - 1 = 0 proper subsets, 
which is an even 
number.

16. Yes, set B is a subset of 
set A.

17. Subsets of W: 25 = 32; 
Proper subsets of W: 
25 - 1 = 31.

18. 28 = 256 subsets and 
28 - 1 = 255 proper 
subsets

19. Number of subsets of Y: 
212 = 4096

20. 5

21. 7

22. Because you have to 
eliminate the set itself 
(where you choose all  
6 keys) and you have to 
eliminate the empty set 
(where you don’t choose 
any keys), all proper 
non‑empty subsets: 
26 - 2 = 62. 

23. 212 = 4096 (Some may 
like a no‑topping pizza, 
also known as bread.) 
It is possible to qualify 
for the lifetime offer in 
less than 12 years if you 
order one pizza a day.

24. 8
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2.3 Operations with Sets
In the previous sections, the introduction to sets and set notation provided us with the foundation for 
discussing operations with sets. In this section, we will use set operations to compare the manner in 
which two separate sets are related. 

Consider the members of a mathematics class as 
the universal set. A teacher wants to conduct a 
survey of her students who are also taking English 
and biology courses. Suppose the teacher defines 
the set E of students taking English and the set 
B of students taking biology. We can use a Venn 
diagram, as shown in Figure 1, to represent how 
the two sets of students are related. The teacher is 
interested in surveying students that are common 
to both sets B and E. We call this commonality 
between the two sets the intersection of the sets B and E. In Section 2.2, we saw that it’s possible 
for sets of data to contain the same elements. When some, but not all, of the elements of one set are 
contained in the other, the sets are represented as overlapping circles in a Venn diagram. In Figure 1 
the overlapping region represents the intersection of the two sets B and E.

Intersection
The intersection of two sets A and B is the set of all elements common to both A 
and B. We denote the intersection of A and B as A B x x A x B∩ = ∈ ∈{ } and .

Example 1: Determining the Intersection of Sets

Find the intersection of the sets A = {n, u, m, b, e, r, s}and B = {r, u, l, e}.

Solution
Since the intersection of two sets consists of all of the elements that appear in both sets, we 
can see that the intersection of A and B consists of the elements r, u, and e.

A B∩ = { } ∩ { }
= { }

n, u, m, b, e, r, s r, u, l, e

r, u, e

We can also use a Venn diagram to find the intersection.

U
BA

l

n

m

b

s

r

u

e

Notice that any elements in the intersection of the Venn diagram are only listed once.

U
E

Biology

B

English
B

and

E

Figure 1
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Some diagrams display the number of elements in each region instead of listing the elements 
themselves. The following example illustrates this.

Example 2:  Using a Venn Diagram to 
Find the Intersection

The given Venn diagram represents the number of students that participated in certain 
activities while on a spring break trip. Determine the number of students that went both 
hiking and skiing over spring break.

U

Hiking
52

Skiing
2713

Solution
Using the Venn diagram, we can see that 52 students went skiing exclusively on their break, 
27 students went hiking exclusively, and 13 students went both skiing and hiking.

Big’s Diner is famous for their hot dogs and chili. They have hot chili, mild chili, chili with beans, 
chili without beans, vegan chili, and their specialty, Texas chili. Their hot dog selection consists 
of jumbo dogs, turkey dogs, bratwurst, Vienna, and Cumberland. You can even order a chili dog, 
if you like. If we draw a Venn diagram of all of the offerings at Big’s Diner, we get the Venn 
diagram in Figure 2.

U

Chili Hot Dogs
Chili
Dogs

Figure 2

We can form the complete menu offered at Big’s Diner from these two sets of dishes. We do so by 
combining the elements of the two sets into one set. When we combine the elements of two or more 
sets together, we call this the union.

Union
The union of two sets A and B is the set of all elements in A or in B. We denote the 
union of A and B as A ∪ B = {x | x ∈ A or x ∈ B}.
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Example 3: Determining the Union of Sets

Let A = {1, 2, 3, 4, 5}, B = {2, 4, 6, 8}, and C = {1, 3, 5, 7, 9}. Find the following unions.

a. A ∪ B

b. A ∪ C

c. B ∪ C

Solution

a.  To find the union of sets A and B, we need to find the elements that appear in either set A 
or set B. The elements of set A are 1, 2, 3, 4, 5 and the elements of set B are 2, 4, 6, 8. We 
simply combine the items together to create a new set to represent the union. Therefore, 

A B∪ = { } ∪ { }
= { }

1, 2, 3, 4, 5 2, 4, 6, 8

1, 2, 3, 4, 5   , , .6 8

  The Venn diagram shown gives us a visual illustration of the union of the elements in 
set A and in set B. 

U
BA

1

3

5

2

4

6

8

 Note that A ∩ B = {2, 4}.

b. Finding the union of sets A and C is done in a similar manner.

A C∪ = { } ∪ { }
= { }

1, 2, 3, 4, 5 1, 3, 5, 7, 9

1, 2, 3, 4, 5, 7, 9

U
CA

1
2

3
4

5

7

9

 Note that A ∩ C = {1, 3, 5}.

c. Finding the union of sets B and C is also done in a similar manner.

B C∪ = { } ∪ { }
=

2, 4, 6, 8 1, 3, 5, 7, 9

1, 2, 3, 4, 5, 6, 7, 8, 9{{ }

ZZ Helpful Hint

Note that we do not 
include any element more 
than once in the union.

LIB_Book.indb   62 10/2/2014   4:33:05 PM



63Operations with Sets  Section 2.3 

2

U
CB

1

2 3

4

6

8

5

7

9

 Note that the intersection of these two sets is empty. Therefore, B ∩ C = ∅.

In addition to finding the intersection and the union of two sets, we can also combine the operations 
of intersection and union. Let’s try an example of combining the operations.

Example 4: Combining Intersection and Union

Let U = {a, b, c, d, e, . . , z}, M = {m, a, t, h}, N = {m, o, n, e, y}, and K = {i, n, v, e, s, t, o, r}. Find

a. M ∪ (N ∩ K)

b. M ∩ (N ∪ K)

Solution

a.  In order to find the solution when combining the operations of intersections and unions 
of sets, it might be best to describe the set first. M ∪ (N ∩ K) is the set of all elements 
that are in set M or are in N and in K. Let’s do each part and see what we get.

 M ∪ (N ∩ K) = {m, a, t, h} ∪ ({m, o, n, e, y} ∩ {i, n, v, e, s, t, o, r})
  Just as in order of operations with numbers, we need to perform the operation in 

parentheses first. So,

 N ∩ K = ({m, o, n, e, y} ∩ {i, n, v, e, s, t, o, r}) = {o, n, e} and 

 M ∪ (N ∩ K)  = {m, a, t, h} ∪ {o, n, e} 
= {m, a, t, h, o, n, e}

b. Similarly, we can find M ∩ (N ∪ K)
 M ∩ (N ∪ K)  = {m, a, t, h} ∩ ({m, o, n, e, y} ∪ {i, n, v, e, s, t, o, r}) 

= {m, a, t, h} ∩ {m, o, n, e, y, i, v, s, t, r} 
= {m, t}

Skill Check #1
Let, M = {m, a, t, h}, N = {m, o, n, e, y}, and K = {i, n, v, e, s, t, o, r}.  
Find K ∩ (M ∪ N ).

Each of the examples involving the intersection and union of sets had elements that were common 
to both sets except Example 3c., where the intersection was the empty set. Just as in Example 3c., it 
is possible that two sets could have no common elements. For instance, if you were to draw a single 
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card out of a standard deck of playing cards, the card will be either a red card or a black card. It is 
impossible for the card to be both red and black at the same time. In this case, we say the set of red 
cards and the set of black cards are disjoint.

Disjoint
Two sets A and B are disjoint if there are no elements in set A that are also 
contained in set B. In the case where two sets are disjoint, the intersection of those 
two sets is the null, or empty, set ∅. Therefore, A ∩ B = ∅ when sets A and B  
are disjoint.

It might be easier to visualize two sets that are disjoint by creating a Venn diagram. Using our 
example of playing cards (all playing cards are either red or black, but not both), we can see that two 
sets with no elements in common are disjoint. See Figure 3.

U

Black CardsRed Cards

Figure 3

Example 5: Identifying Disjoint Sets

Let U = {all students}, A = {students with GPA < 2.5}, and B = {students with GPA > 3.0}. 
Determine if sets A and B are disjoint and draw a Venn diagram to illustrate the relationship 
between sets A and B.

Solution
Since it would be impossible for a student to have a GPA that is less than 2.5 and a GPA 
greater than 3.0 at the same time, sets A and B are disjoint. We can illustrate the relationship 
between sets A and B using a Venn diagram. The universal set is represented as all students’ 
grade point averages of 0.0 to 4.0. Therefore, when sets A and B are described as students 
with GPAs less than 2.5 and greater than 3.0, respectively, there are no common GPAs. In 
addition, any student with a GPA between 2.5 and 3.0 is not represented in either set A or set B.

U

Students with 
GPA > 3.0

Students with 
GPA < 2.5

A B

Up to this point, we have defined the intersection and union of sets as well as what it means for two 
sets to be disjoint. It is also helpful to discuss the items that are not part of a given set. 

LIB_Book.indb   64 10/2/2014   4:33:05 PM



65Operations with Sets  Section 2.3 

2

In Section 2.1, we defined the complement of a set A as the set that consists of all the elements in the 
given universal set that are not contained in A. Recall that the complement of A is denoted A′. We 
can use Venn diagrams to give a visual illustration of the complement. 

Figure 4 illustrates the intersection of sets A and B as we have seen previously. 

U

A ∩ B

BA

Figure 4: Intersection of Sets A and B

Figures 5 and 6 represent the complements of sets A and B, respectively. Notice that everything in 
the universal set U, except what is in set A, is in the complement of A and everything in the universal 
set U, except what is in set B, is in the complement of B.

U

A′

BA
U

BA

B′

Figure 5: Complement of Set A Figure 6: Complement of Set B

Now that we have visual representations of the complements of sets, we can begin to analyze the 
components of the union and intersection of the sets. To make understanding each of these a little 
easier, we can use De Morgan’s Laws. De Morgan’s Laws allow us to relate the three operations of 
sets—intersection, union, and complement—in an effort to analyze sets. 

De Morgan’s Laws
Let A and B be sets. Then, 

( A ∪ B )′ = A′ ∩ B′

and 

( A ∩ B )′ = A′ ∪ B′.

U

A B

Figure 7: De Morgan’s Law ( A ∪ B )′ = A′ ∩ B′

Fun Fact
De Morgan’s Laws are named 
after the mathematician 
Augustus De Morgan 
(1806-1871). The laws are 
based on the notion that 
the logic set forth by the 
Greek philosopher Aristotle 
was somewhat restrictive in 
its approach to the logical 
argument.
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U

A B

Figure 8: De Morgan’s Law ( A ∩ B )′ = A′ ∪ B′

Example 6: Using De Morgan's Laws

Given sets U = {a, b, c, d, . . . , z}, A = {h, o, u, n, d}, and B = {r, o, c, k}, verify that 
(A ∪ B)′ = A′ ∩ B′.

Solution
The universal set U consists of all of the letters of the alphabet.

Since A ∪ B = {h, o, u, n, d} ∪ {r, o, c, k} = {r, o, c, k, h, u, n, d}, we know that  
(A ∪ B)′ = {a, b, e, f, g, i, j, l, m, p, q, s, t, v, w, x, y, z}.

Similarly, 

A′ = {a, b, c, e, f, g, i, j, k, l, m, p, q, r, s, t, v, w, x, y, z} and

B′ = {a, b, d, e, f, g, h, i, j, l, m, n, p, q, s, t, u, v, w, x, y, z}, 

so A′ ∩ B′ = {a, b, e, f, g, i, j, l, m, p, q, s, t, v, w, x, y, z}.

Notice that A B A B∪( )′ = ′ ∩ ′. Hence we have verified De Morgan’s law for A and B.

Skill Check #2
Given sets U = {a, b, c, . . . , z}, A = {h, o, u, n, d}, and B = {r, o, c, k}, verify 
(A ∩ B)′ = A′ ∪ B′.

Section 2.1 introduced the cardinal number, which is the notion of the number of items in a given 
set. Recall that a set A = {a, b, c} has 3 elements, and we denote this by |A| = 3.

Example 7: Determining the Cardinal Number of a Union

Let A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8}. Find |A ∪ B|.

Solution
In Example 3a., we found that A ∪ B = {1, 2, 3, 4, 5, 6, 8}. Therefore, the number of 
elements in the set A ∪ B is |A ∪ B| = 7.

You might notice that, in order for us to find the cardinality of the union of two sets, we had to be 
careful not to count an element more than once. In the case of Example 7, the elements 2 and 4 
appear in both sets. 
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Inclusion-Exclusion Principle
The inclusion-exclusion principle states that the number of elements in the union 
of two sets A and B is calculated by adding the number of elements in set A to the 
number of elements in set B, less the number of elements that appear in both sets. 
We denote this by |A ∪ B| = |A| + |B| - |A ∩ B|.

The definition of the inclusion‑exclusion principle means that when we take |A| + |B|, we are 
counting the total elements in both sets, which means that certain elements are counted twice. To 
correct this, we must subtract off the number of elements that appear in the intersection of the sets.

Example 8: Applying the Inclusion-Exclusion Principle

A standard deck of playing cards has 52 cards (26 of which are red and 26 of which are 
black) divided into 4 suits (clubs, spades, diamonds, and hearts), where there are 13 of each 
suit (Ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, King). Of these cards, 12 are considered face 
cards (4 Kings, 4 Queens, and 4 Jacks). Find the number of cards in a standard deck that are 
either clubs or face cards.

Solution
We start the solution by writing what we are looking for using set notation. 

|clubs ∪ face cards| = |clubs| + |face cards| - |clubs ∩ face cards|.

If the set A consists of clubs and the set B consists of face cards, then this is equivalent to

|A ∪ B| = |A| + |B| - |A ∩ B|
There are 13 clubs in the deck and there are 12 face cards. However, there are 3 face cards 
that are also clubs (King of clubs, Queen of clubs, and Jack of clubs). Therefore,

|A ∪ B| = 13 + 12 - 3 = 22.

So, the number of cards that are either clubs or face cards is 22.

Skill Check #3
Find the number of playing cards that are either even (2, 4, 6, 8, 10) or are diamonds.

Skill Check Answers
1. {n, e, t, o}

2.  A ∩ B = {o}, so (A ∩ B)′ = {a, b, c, d, e, f, g, h, i, j, k, l, m, n, p, q, r, s, t, u, v, w, x, y, z}. 
A′ = {a, b, c, e, f, g, i, j, k, l, m, p, q, r, s, t, v, w, x, y, z} and  
B′ = {a, b, d, e, f, g, h, i, j, l, m, n, p, q, s, t, u, v, w, x, y, z}, so  
A′ ∪ B′ = {a, b, c, d, e, f, g, h, i, j, k, l, m, n, p, q, r, s, t, u, v, w, x, y, z}. This gives that 
(A ∩ B)′ = A′ ∪ B′

3. 28

1. {1, 2, 3, 4, 5, 6, 7, 8, 10, 
12}

2. {1, 2, 3, 4, 5, 6, 7, 8, 9, 
11, 13, 15}

3. ∅ or { }
4. {5, 7}
5. (A ∪ B)′ = {9, 11, 13, 14, 

15, 16, 17, 18, 19, 20} 
and A′ = {9, 10, 11, 12, 
13, 14, 15, 16, 17, 18, 19, 
20} and B′ = {1, 3, 5, 7, 
9, 11, 13, 14, 15, 16, 17, 
18, 19, 20}. So A′ ∩ B′ = 
{9, 11, 13, 14, 15, 16, 17, 
18, 19, 20}.

6. (A ∩ B)′ = {1, 3, 5, 7, 
9, 10, 11, 12, 13, 14, 15, 
16, 17, 18, 19, 20} and 
A′ = {9, 10, 11, 12, 13, 
14, 15, 16, 17, 18, 19, 20} 
and B′ = {1, 3, 5, 7, 9, 11, 
13, 14, 15, 16, 17, 18, 19, 
20}. So A′ ∪ B′ = {1, 3, 
5, 7, 9, 10, 11, 12, 13, 14, 
15, 16, 17, 18, 19, 20}.

7. {n, u, m, b, e, r, s, l}
8. {r, u, e}
9. 3

10. A ∪ B = {n, u, m, b, e, r, 
s, l}, (A ∪ B)′ = {a, c, d, 
f, g, h, i, j, k, o, p, q, t, v, 
w, x, y, z}, A′ = {a, c, d, 
f, g, h, i, j, k, l, o, p, q, t, 
v, w, x, y, z} and B′ = {a, 
b, c, d, f, g, h, i, j, k, m, n, 
o, p, q, s, t, v, w, x, y, z}, 
so A′ ∩ B′ = {a, c, d, f, g, 
h, i, j, k, o, p, q, t, v, w, x, 
y, z}.

11. A ∩ B = {r, u, e}, 
(A ∩ B)′ = {a, b, c, d, f, g, 
h, i, j, k, l, m, n, o, p, q, s, 
t, v, w, x, y, z}, A′ = {a, c, 
d, f, g, h, i, j, k, l, o, p, q, 
t, v, w, x, y, z}, B′ = {a, b, 
c, d, f, g, h, i, j, k, m, n, o, 
p, q, s, t, v, w, x, y, z}, so 
A′ ∪ B′ = {a, b, c, d, f, g, 
h, i, j, k, l, m, n, o, p, q, s, 
t, v, w, x, y, z}.
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68 Chapter 2  Set Theory

2.3 Exercises

Use the given sets to solve each problem.

U = {1, 2, 3, . . . , 20}

A = {1, 2, 3, 4, 5, 6, 7, 8}

B = {2, 4, 6, 8, 10, 12}

C = {5, 7, 9, 11, 13, 15}

1. Find A ∪ B. 2. Find A ∪ C.

3. Find B ∩ C. 4. Find A ∩ C.

5. Verify (A ∪ B)′ = A′ ∩ B′. 6. Verify (A ∩ B)′ = A′ ∪ B′.

Use the given sets to solve each problem.

U = {a, b, c, d, . . . , z}

A = {n, u, m, b, e, r, s}

B = {r, u, l, e}

7. Find A ∪ B. 8. Find A ∩ B.

9. Find |A ∩ B|. 10. Verify (A ∪ B)′ = A′ ∩ B′.

11. Verify (A ∩ B)′ = A′ ∪ B′.

Use the given sets to solve each problem.

U = {A, B, C, D, . . . , Z}

A = {I, C, E}

B = {C, U, B, E}

12. Find A ∪ B. 13. Find A ∩ B.

14. |A ∩ B| 15. Verify (A ∪ B)′ = A′ ∩ B′.

16. Verify (A ∩ B)′ = A′ ∪ B′.

12. {I, C, E, U, B}
13. {C, E}
14. 2

15. A ∪ B = {I, C, E, U, B}, 
(A ∪ B)′ = {A, D, F, G, 
H, J, K, L, M, N, O, P, 
Q, R, S, T, V, W, X, Y, 
Z}, A′ = {A, B, D, F, G, 
H, J, K, L, M, N, O, P, 
Q, R, S, T, U, V, W, X, 
Y, Z}, B′ = {A, D, F, G, 
H, I, J, K, L, M, N, O, P, 
Q, R, S, T, V, W, X, Y, 
Z}, and A′ ∩ B′ = {A, 
D, F, G, H, J, K, L, M, 
N, O, P, Q, R, S, T, V, W, 
X, Y, Z}

16. A ∩ B = {C, E}, so 
(A ∩ B)′ = {A, B, D, F, 
G, H, I, J, K, L, M, N, 
O, P, Q, R, S, T, U, V, W, 
X, Y, Z}, A′ = {A, B, D, 
F, G, H, J, K, L, M, N, 
O, P, Q, R, S, T, U, V, W, 
X, Y, Z}, B′ = {A, D, F, 
G, H, I, J, K, L, M, N, 
O, P, Q, R, S, T, V, W, X, 
Y, Z}, and A′ ∪ B′ = {A, 
B, D, F, G, H, I, J, K, L, 
M, N, O, P, Q, R, S, T, 
U, V, W, X, Y, Z}

17. {A, C, D, F, O, P, R, T, 
U}

18. {C, O, R, T}
19. 4

20. A ∪ B = {A, C, D, 
F, O, P, R, T, U}, 
(A ∪ B)′ = {B, E, G, H, 
I, J, K, L, M, N, Q, S, V, 
W, X, Y, Z}, A′ = {B, D, 
E, G, H, I, J, K, L, M, N, 
P, Q, S, U, V, W, X, Y, 
Z}, B′ ={A, B, E, F, G, 
H, I, J, K, L, M, N, Q, 
S, V, W, X, Y, Z}, and 
A′ ∩ B′ = {B, E, G, H, 
I, J, K, L, M, N, Q, S, V, 
W, X, Y, Z}
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Use the given sets to solve each problem.

U = {A, B, C, D, . . . , Z}

A = {F, A, C, T, O, R}

B = {P, R, O, D, U, C, T}

17. A ∪ B 18. A ∩ B

19. |A ∩ B| 20. Verify (A ∪ B)′ = A′ ∩ B′.

21. Verify (A ∩ B)′ = A′ ∪ B′. 22. How many subsets does set A have?

23. How many subsets does U have?

Use the given sets to solve each problem.

U = {a, b, c, d, . . . , z}

M = {b, r, i, d, g, e}

N = {g, a, t, o, r}

K = {b, a, l, i, s, t, e, r}

24. Find N ∩ (M ∪ K). 25. Find N ∪ (M ∩ K).

26. Find K ∪ (N ∩ M). 27. Verify (M ∪ K)′ = M′ ∩ K′.

28. Verify (M ∩ N)′ = M ′ ∪ N′.

Solve the problem.

29. A grocery store found that 275 of its customers use push carts to shop, 185 used a carry basket 
to shop, and that 145 used both a push cart and a carry basket. How many customers use only 
a push cart or a carry basket? Draw the Venn diagram.

21. A ∩ B = {C, O, R, T}, 
(A ∩ B)′ = {A, B, D, E, 
F, G, H, I, J, K, L, M, 
N, P, Q, S, U, V, W, X, 
Y, Z}, A′ = {B, D, E, 
G, H, I, J, K, L, M, N, 
P, Q, S, U, V, W, X, Y, 
Z}, B′ = {A, B, E, F, G, 
H, I, J, K, L, M, N, Q, 
S, V, W, X, Y, Z}, and 
A′ ∪ B′ = {A, B, D, E, F, 
G, H, I, J, K, L, M, N, P, 
Q, S, U, V, W, X, Y, Z}

22. 26 = 64

23. 226 = 67, 108, 864

24. {g, a, t, r}
25. {g, a, t, o, r, b, i, e}
26. {b, a, l, i, s, t, e, r, g}
27. M ∪ K = {b, r, i, d, g, e, 

a, l, s, t}, (M ∪ K)′ = {c, 
f, h, j, k, m, n, o, p, q, u, 
v, w, x, y, z}, M′ = {a, 
c, f, h, j, k, l, m, n, o, p, 
q, s, t, u, v, w, x, y, z}, 
K′ = {c, d, f, g, h, j, k, 
m, n, o, p, q, u, v, w, x, 
y, z}, and M′ ∩ K′ = {c, 
f, h, j, k, m, n, o, p, q, u, 
v, w, x, y, z}. 

28. M ∩ N = {g, r}, 
(M ∩ N)′ = {a, b, c, d, 
e, f, h, i, j, k, l, m, n, o, 
p, q, s, t, u, v, w, x, y, z}, 
M′ = {a, c, f, h, j, k, l, 
m, n, o, p, q, s, t, u, v, w, 
x, y, z}, N′ = {b, c, d, e, 
f, h, i, j, k, l, m, n, p, q, 
s, u, v, w, x, y, z}, and 
M′ ∪ N′ = {a, b, c, d, e, 
f, h, i, j, k, l, m, n, o, p, 
q, s, t, u, v, w, x, y, z}

29. 170 
U

Push
Cart

Carry
Basket

130 40
145
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Use the Venn diagram to solve each problem.

U

Alden
Morgan

Ali

Volleyball
Will
David
Kim
Barbara

Patti
Robert
Jack
Susan
Emily
Marcel

Tennis

Holly
Jessica
Jeff
Kent

30. Which students played only tennis?

31. Determine which students played tennis or volleyball.

32. Determine which students played tennis and volleyball.

33. Find the number of students that play tennis or volleyball.

Solve each problem.

34. Determine the number of playing cards in a standard deck that are red cards or face cards.

35. Determine the number of playing cards in a standard deck that are odd numbered cards or 
black cards.

Show that each pair of sets is equal by drawing a Venn diagram of 
each set.

36. A ∩ B and B ∩ A 37. A ∪ B and B ∪ A 

38. (A ∩ B) ∩ C and A ∩ (B ∩ C) 39. (A ∪ B) ∪ C and A ∪ (B ∪ C)

40. A ∪ ∅ and A

Use set notation to represent each shaded region.

41. 
U

A B

 42. 
U

A B

30. Will, David, Kim, 
Barbara

31. Will, David, Kim, 
Barbara, Alden, Morgan, 
Ali, Holly, Jessica, Jeff, 
Kent

32. Holly, Jessica, Jeff, Kent

33. 11

34. 32

35. 39

36. U
A B

37. U
A B

38. U A

B C

39. A

B C

U

40. 
A

U

41. A ∩ B′

42. (A ∪ B)′
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2.4  Applications and 
Survey Analysis

An interesting application of Venn diagrams is their usefulness in representing the relationships 
between two or more sets of information. For example, if a teacher surveyed a class to determine 
which students have taken algebra, statistics, or trigonometry, it might be helpful to represent the 
results in a format where each set of students can be represented in a visual manner. It is certainly 
the case that some of the students might have taken more than one of the courses. That is where Venn 
diagrams allow us to illustrate visually how we can organize the responses. 

Assume a tour guide would like to know what language(s) a group of tourists speak while trying 
to plan an excursion. The possible languages are English, Spanish, and Italian. An example of the 
number of tourists that speak each language is represented in Figure 1.

U
Italian

English
110

Spanish
26

19

10

6

15

31

Figure 1

The Venn diagram shows that 110 students speak only English, 26 speak only Spanish, 19 speak 
only Italian, 10 speak English and Italian but not Spanish, 31 speak Italian and Spanish but not 
English, 15 speak English and Spanish but not Italian, and 6 speak all three languages.

Example 1: Interpreting a Venn Diagram of Three Sets

The given Venn diagram contains the number of elements that belong to the three sets 
A, B, and C.

U
A

B
19

C
22

26

5

1

10

8

Use the information in the diagram to determine

a. |A ∩ B ∩ C |.

b. |A ∩ B|.

Think Back
Recall from Section 2.3 that 
“and” implies the intersection 
of sets and “or” implies the 
union of two sets.
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Solution

a.  To find |A ∩ B ∩ C |, we need to consider that the intersection of two sets, such as A 
and B, represents the set of elements that are in both A and B. Therefore, to find the 
intersection of the three sets A, B, and C, we are looking for the number of elements that 
are common to all three sets (the elements in the triangular middle section of the Venn 
diagram). We observe in the Venn diagram that there is only one element represented in 
the intersection of sets A, B, and C. Thus, |A ∩ B ∩ C | = 1.

b.  Working with three sets and their intersections, we need to be careful and make sure we 
are considering the proper intersection. For |A ∩ B|, we need to determine the number 
of elements in the area where sets A and B overlap. Referring to the Venn diagram, we 
can see that set C intersects sets A and B as well. There are 5 elements in A ∩ B that are 
not in C and 1 element in A ∩ B that is also in C. Therefore, A ∩ B contains 5 + 1 = 6 
elements, giving |A ∩ B| = 6.

Skill Check #1
Use the Venn diagram in Example 1 to find the following.

a. | A ∩ C|
b. |B ∩ C|

Example 2: Constructing a Venn Diagram of Three Sets

Consider the universal set U = {a, b, c, . . . , z}. Given subsets A = {a, e, i, o, u}, 
B = {a, b, c, d, e, f, g, h, i, j, k, l}, and C = {a, l, u, m, n, i}, draw a Venn diagram to represent 
the relationships between the sets.

Solution
When there are three sets under consideration, getting started can be confusing because 
there are eight possible areas to place elements in the Venn diagram. Each of the elements 
in the universal set may only be placed in one of these eight areas. The eight areas are: 
(1) set A only, (2) set B only, (3) set C only, (4) sets A and B but not C, (5) sets A and C but 
not B, (6) sets B and C but not A, (7) sets A and B and C, and (8) the universal set but not 
sets A or B or C.

U
A

B C

(1)(8)

(3)(6)(2)

(5)

(7)

(4)

There are many approaches to determining the represented sets. One way is to begin with the 
intersection of all three sets, area (7). So, comparing the elements of sets A, B, and C, we can 
determine the elements common to all three sets are a and i. This gives A ∩ B ∩ C = {a, i}. 
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We must repeat this process for each of the other seven areas while making sure to not count 
any element more than once.

The next step is to determine the elements that belong in the different parts of set 
A = {a, e, i, o, u}. We compare the sets and determine that set A consists of all of the vowels 
of the alphabet. When compared to sets B and C, we find that the only vowel not in either B 
or C is o. So, the only element in area (1), set A only, is {o}. Similarly, the element in area 
(4), A ∩ B only, is {e} and the element in area (5), A ∩ C only, is {u}.

For set B only, we consider set B = {a, b, c, d, e, f, g, h, i, j, k, l}. Some of the elements, {a, i}, 
of set B have already been accounted for in the intersection of all three sets. By comparing 
set B to set A and set C, set A also contains element {e} and set C contains element {l}. 
This means the only elements in area (2), set B only, are {b, c, d, f, g, h, j, k}. Similarly, 
the element in area (4), A ∩ B only, is {e} and the element in area (6), B ∩ C only, is {l}. 

For set C only, we consider set C = {a, l, u, m, n, i}. Some of the elements, {a, i}, of set C 
have already been accounted for in the intersection of all three sets. By comparing set C to 
set A and set B, set A also contains element {u} and set B contains element {l}. This means 
the elements in area (3), set C only, are {m, n}.

The elements of the alphabet not accounted for in any of sets A, B, or C are the elements 
{p, q, r, s, t, v, w, x, y, z}, which go in area (8). We are now ready to draw our Venn diagram.

We find the solution by placing each of the letters from each set in the appropriate areas 
within a Venn diagram. A ∩ B ∩ C = {a, i}, only A = {o}, only B = {b, c, d, f, g, h, j, k}, only 
C = {m, n}, only A ∩ B = {e}, only A ∩ C = {u}, and only B ∩ C = {l}. Then the solution 
is shown in the following diagram.

U
A

B C

o

e

i
a

l

u

b

c

f

g

h

k

d

j

p
q
r
s

t
v
w
x

y
z

m
n

When conducting political or fact‑finding polls, the polling organization usually asks questions 
in a manner that is inclusionary, meaning that any participant in the survey may fall into one or 
more categories. For instance, if you asked college students to name their favorite food, they could 
respond that they liked pizza, burgers, and/or chicken. They could like one, two, three, or none of 
those options. The analysis of responses to a list of questions is called survey analysis.

Survey Analysis
Survey analysis is the analysis of responses to a list of questions.

Fun Fact
One of the most popular 
polling services in the United 
States is Gallup, Inc. Started 
in 1935 by statistician 
George Gallup, the Gallup 
Organization conducts 
hundreds of surveys each 
year on topics that range from 
political opinions to shoppers’ 
tastes in clothing. Known 
for its accuracy (the Gallup 
Poll has accurately predicted 
every presidential winner 
since 1936, except in 1948 
when Harry Truman defeated 
Thomas Dewey), the Gallup 
Organization helps report 
public opinion and keep the 
populace informed. 
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Example 3: Drawing a Venn Diagram for Survey Analysis

A survey of 500 students showed that 350 listen to jazz, 300 listen to classical, and 200 listen 
to both. Draw a Venn diagram to illustrate this survey.

Solution
We are given that the number of students that listen to jazz and classical music is 200 students. 
We must notice that each of the students that like both types of music are also counted in 
the categories for their respectful types of music. For instance, although 350 students listen 
to jazz, 200 of those listeners also listen to classical. Recall from the previous section the 
inclusion‑exclusion principle, which states that we must subtract the students that have been 
counted twice.

U
Classical

150

Jazz

50

200 100

The resulting Venn diagram shows that 150 students like only jazz, 100 students like 
only classical, 200 students like both types of music, and 50 students don’t like either 
type of music.

Skill Check #2
A survey of 400 customers at an ice cream shop showed that 225 customers like 
chocolate ice cream, 300 customers liked vanilla, and 200 customers liked both. 
Draw a Venn diagram to illustrate this survey.

Example 4: Drawing a Venn Diagram for Survey Analysis

Students majoring in international relations are polled on whether they take courses in any 
of three languages: French, German, and Russian. No student who took French also took 
Russian, but 39 who took French also took German. Eighty‑four who took German also 
took Russian. All together, 55 reported taking French, 141 reported taking German, and 92 
reported taking Russian. Draw a Venn diagram to illustrate this poll.

Solution
Recall that there are eight possible areas to place elements in the Venn diagram when there 
are three sets of consideration. Each of the student responses may only be placed in one 
of the eight areas. The eight areas are students taking: (1) French only, (2) German only, 
(3) Russian only, (4) French and German but not Russian, (5) French and Russian but not 
German, (6) German and Russian but not French, (7) French and German and Russian, 
and (8) None.
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U

(1)(8)

(3)(6)(2)

(5)

(7)

(4)

French

German Russian

We will start with the intersection of all three sets to begin. We are told that no student who 
took French also took Russian. Therefore, we know that no students could have taken all 
three languages. 

The next step is to determine the elements that belong in the each of the groups. 

We are given that 39 students took French and German. Since we are given that 55 students 
took French, of which 39 also took German, we can remove the students that have been 
counted twice to determine that 55 - 39 = 16 students took only French.

There were 141 students that took German. Of those students, 84 students also took Russian 
and 39 also took French. Therefore, 141 - 84 - 39 = 18 students took only German. 

Lastly, 92 students reported taking Russian. Of those students, 84 also took German and 
0 students took French and Russian. Thus, 92 - 84 = 8 students took only Russian.

We can place our information into a Venn diagram for a visual representation of the solution.

U
French

German
18

Russian
8

16

39

0

84

0

Skill Check #3
A survey of shoppers at a grocery store found that 225 shoppers like bananas, 198 
like apples, and 180 like grapes. Twenty‑five shoppers like all three fruits. There are 
110 shoppers that like bananas and apples, 58 that like apples and grapes, and 55 
that like bananas and grapes. Draw a Venn diagram to illustrate this poll.
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Skill Check Answers
1. a. 9 b. 11

2. U
Vanilla

25

Chocolate

75

200 100

3. U
Bananas

Apples
55

Grapes
92

85

85
25

33

30

2.4 Exercises

Use the given sets to solve each problem.

A = {1, 2, 3, 4, 5, 6, 7, 8}

B = {2, 4, 6, 8, 10, 12}

C = {5, 7, 9, 11, 13, 15}

1. Find (A ∪ B) ∪ C. 2. Find (A ∩ B) ∩ C.

3. Find (A ∪ B) ∩ C. 4. Find (A ∩ B) ∪ C.

Use the given Venn diagram to shade each solution.

5. (A ∪ B) ∪ C 6. A ∩ (B ∪ C)

 
U A

B C

  
U A

B C

Draw each Venn diagram.

7. Construct a Venn diagram illustrating the following sets: A = {apple, orange, grape, 
peach}, B = {grape, banana, apple, kiwi}, and C = {kiwi, apple, peach, banana} if 
U = {apple, orange, peach, grape, banana, kiwi}.

1. {1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, 12, 13, 15}

2. ∅

3. {5, 7}
4. {2, 4, 5, 6, 7, 8, 9, 11, 

13, 15}
5. A

B C

U

6. U A

B C

7. 
orange

peach

banana
kiwi

apple
grape

A

B C

U
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8. Construct a Venn diagram illustrating the sets: A = {1, 2, 3, 4}, B = {2, 4, 6, 8, 10}, and 
C = {3, 4, 6} if U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.

9. A survey of 400 college freshmen showed that 200 drink soda, 300 drink juice, and 150 drink 
both. Draw a Venn diagram to illustrate this survey.

10. A survey of 350 students showed that 225 listen to rap and 200 listen to rock and 135 listen to 
both. Draw a Venn diagram to illustrate this survey.

Create a Venn diagram with the given information.

11. |A| = 26 |B| = 32 |C| = 23 |A ∩ B| = 6

|C ∩ B| = 12 |A ∩ C| = 9 |A ∩ B ∩ C| = 5 |U| = 65

U A

B C

Use the given information and Venn diagram to answer each 
question.

There are 43 students in the University Travel Club. They discovered that 
17 members have visited Mexico, 10 have been to England, 28 have visited 
Canada, 8 have been to Mexico and Canada, 3 have only been to England, 
and 4 have only been to Mexico. No student has been to only England and 
Canada. Two students have been to all three countries. Some of the club 
members have not been to any of the three.

U

Mexico

Canada England
3?

?
4

0

6
2

5

12. How many students have been to all three countries?

13. How many students have been only to Canada?

14. How many have been to Mexico or Canada but not England?

15. How many have been to none of the countries?

8. U
1

3

68, 10

5, 7, 9

4
2

A

B C

9. U
Soda Juice

50

50

150
150

10. U
Rap Rock

90

60

65
135

11. U
16

4

7 719

6

5
1

A

B C

12. 2

13. 20

14. 30

15. 3
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Solve each problem.

16. A researcher collecting data on 100 households finds that 47 have a DVD player; 52 have only 
streaming video, and 27 have both. Determine the answer to the following questions.

a. How many do not have video streaming?

b. How many have neither video streaming nor a DVD player?

c. How many have a DVD player but not video streaming?

17. A survey of 125 freshman business students at a large university produced the following results:

35 read Money; 
25 read The Wall Street Journal; 

32 read Fortune; 
21 read Money but not The Wall Street Journal; 
11 read The Wall Street Journal and Fortune; 

13 read Money and Fortune; 
9 read all three.

 Use this information to answer the following questions:

a. How many students read none of the publications?

b. How many read only Fortune?

c. How many students read Money and The Wall Street Journal, but not Fortune?

18. A survey of 600 workers yielded the following information: 417 belonged to the Auto Workers 
Union, 275 were Democrats, and 215 of the Auto Workers Union were Democrats.

a. How many workers belonged to the Auto Workers Union or were Democrats?

b. How many workers belonged to the Auto Workers Union but were not Democrats?

c. How many workers were Democrats but did not belong to the Auto Workers Union?

d. How many workers neither belonged to the Auto Workers Union nor were Democrats?

19. Imagine Dragons, One Direction, and Bruno Mars toured the United States. A large group of 
teenagers were surveyed and the following information was obtained: 825 saw One Direction, 
1033 saw Imagine Dragons, 1247 saw Bruno Mars, 211 saw all three, 514 saw none, 240 saw 
only Bruno Mars, 677 saw Bruno Mars and Imagine Dragons, and 201 saw Imagine Dragons 
and One Direction but not Bruno Mars.

a. What percent of the teenagers saw at least one band?

b. What percent of the teenagers saw exactly one band? 

16. a. 21

b. 1 

c. 20

17. a. 62

b. 17

c. 5

18. a. 477

b. 202

c. 60

d. 123

19. a. 76.6%

b. 21.7%
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20. There are three types of blood antigens that determine blood type: A, B, and Rh+. An 
individual’s blood type is determined by the specific combination of these antigens. In order to 
receive a blood transfusion, you can’t receive blood from a donor who has an antigen that you 
don’t have yourself. That means that people with AB+ blood can receive a transfusion from 
ANY donor, since they have all of the possible antigens. They can only donate to other people 
with AB+. People with O- blood (none of the antigens) can only receive type O- blood, since 
all other blood types have at least one of the antigens. However, they can donate their blood 
to anyone, since their blood does not have any of the antigens. A laboratory looked at blood 
samples for 200 patients and found the following information provided in the table. How many 
patients were classified as O-? Explain your reasoning.

Blood Antigen Survey Results
Number of Samples Antigen in Blood

80 A

36 B

82 Rh

10 A and B

62 A and Rh

22 B and Rh

4 A, B, and Rh

20. 92; After accounting for 
each of the patients in 
categories A, B, and Rh, 
there were 92 of the 200 
patients not accounted 
for. Therefore, those 92 
must be O−.
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Chapter 2 Summary

Section 2.1 Set Notation

Definitions
Set

A set is a collection of objects made up of specified elements, or members.

Roster Notation
Roster notation is a way to describe a set by listing all of the elements in the set.

Equal Sets
Two sets are said to be equal if they contain exactly the same elements. If sets A and B are equal, we write A = B.

Cardinal Number
The number of elements contained in a finite set is called the cardinal number. The cardinal number is denoted 
by | |.

Equivalent Sets
Sets are equivalent if they have the same cardinal number; that is, the same number of elements. If sets C and D 
are equivalent, we write C ~ D.

Set-Builder Notation
Set‑builder notation is used to describe a set when the members all share certain properties.

Empty Set
The empty set, or null set, is the set that contains no elements. If set A is empty, we write A = ∅.

Universal Set
The set of all elements being considered for any particular situation is called the universal set and is denoted by U.

Complement
The complement of A consists of all the elements in the given universal set that are not contained in A. The 
complement of A is denoted A′.

Section 2.2 Subsets and Venn Diagrams

Definitions
Venn Diagram

A Venn diagram is a way to visualize the relationships between sets. In a Venn diagram, the sets are represented 
by circles (or ovals) contained within a rectangular region representing the universal set.

Subset
If A and B are sets, B is a subset of A if every element of B is also an element of A. We write B ⊆ A.

Proper Subset
When B ⊆ A, and A contains at least one element that is not contained in B, B is said to be a proper subset of A 
and is written B ⊂ A.

Number of Subsets and Proper Subsets of a Set
If the cardinal number of a set is n, then there are 2n subsets and 2n - 1 proper subsets contained in the set.
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Section 2.3 Operations with Sets

Definitions
Intersection

The intersection of two sets A and B is the set of all elements common to both A and B. We denote the 
intersection of A and B as A ∩ B = {x | x ∈ A and x ∈ B}.

Union
The union of two sets A and B is the set of all elements in A or in B. We denote the union of A and B as 
A ∪ B = {x | x ∈ A or x ∈ B}.

Disjoint
Two sets A and B are disjoint if there are no elements in the set A that are also contained in the set B. In the case 
where two sets are disjoint, the intersection of those two sets is the null, or empty, set ∅. Therefore, A ∩ B = ∅ 
when A and B are disjoint.

Formulas
De Morgan’s Laws

Let A and B be sets. Then (A ∪ B)′ = A′ ∩ B ′ and (A ∩ B)′ = A′ ∪ B ′.

Inclusion-Exclusion Principle
The inclusion‑exclusion principle states that the number of elements in the union of two sets A and B is 
calculated by adding the number of elements in the set A to the number of elements in the set B, less the number 
of elements that appear in both sets. We denote this by |A ∪ B| = |A| + |B| - |A ∩ B|.

Section 2.4 Applications and Survey Analysis

Definition
Survey Analysis

Survey analysis is the analysis of responses to a list of questions.
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Chapter 2 Exercises

Determine whether each statement is true or false. If the statement 
is false, explain why.

1. {3} ∈ {1, 2, 3, 4, 5, 6} 2. 1 ∈ {x | x is an integer}

3. {3} ⊆ {1, 2, 3, 4, 5, 6} 4. {1} ⊄ {x | x is an integer}

5. Let A = {red, yellow, blue}. Then |A| = 3.

6. Let B = {-2}. Then |B| = 2.

7. |∅| = 1 8. |{∅}| = 1

Write each set as indicated.

9. Let the set A consist of the even counting numbers less than 14. Write A using the roster method. 

10. Use the roster method to write the set B that consists of the seasons of the year.

11. Use set‑builder notation to write the set C that consists of the set of real numbers between 
100 and 1000.

12. Use set‑builder notation to write the set D that consists of the months of the year that 
have 30 days.

Use the given sets to solve each problem.

A = {Felix, Amber} 

B = {moral, social, civil}

13. Find |A| and |B|. 14. List all the subsets of A and subsets of B.

15. List all the proper subsets of A. 16. Is A = B? Why or why not?

17. Is A ~ B? Why or why not?

1. False; the set containing 
3 is not an element of 
the set.

2. True

3. True

4. False; the set containing 
1 is a subset of the 
integers. 

5. True

6. False; the cardinal 
number of the set is 1.

7. False; the cardinal 
number of the empty set 
is 0.

8. True

9. A = {2, 4, 6, 8, 10, 12}
10. B = {winter, spring, 

summer, fall}
11. C = {x | x ∈ R,  

100 < x < 1000}
12. D = {x | x is a month of 

the year and x has 30 
days}

13. |A| = 2, |B| = 3

14. Subsets of A: ∅, 
{Felix}, {Amber}, 
{Felix, Amber};  
Subsets of B: ∅, 
{moral}, {social}, 
{civil}, {moral, social}, 
{moral, civil}, {social, 
civil}, {moral, social, 
civil}

15. Proper subsets of A: ∅, 
{Felix}, {Amber}

16. No, they contain 
different elements.

17. No, A has 2 elements 
and B has 3 elements.

LIB_Book.indb   82 10/2/2014   4:33:10 PM

kcumbie
Text Box



83

2

 Chapter 2 Exercises

Use the given sets to solve each problem.

G = {I, II, III} 

F = {love, joy, peace} 

18. Find |G| and |F|. 19. List all the subsets of G and subsets of F.

20. List all the proper subsets of F. 21. Is G = F? Why or why not?

22. Is G ~ F? Why or why not?

Determine the number of proper subsets of each set.

23. α β χ δ ε φ µ π, , , , , , ,{ }  24. ∅

Draw a Venn diagram to illustrate each group of sets. A universal set 
is not given, so choose one that fits and define it.

25. Parents and their children 26. Sculptors and Artists

27. Men and Women 28. A = {x | x ∈ R} and B = {x | x is an integer}

Use the given sets to write each set in roster notation.

U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

A = {1, 2, 3, 4, 5}

B = {1, 3, 5, 7}

29. A ∩ B 30. A B∪  31. ′ ∩A B

32. ′ ∪ ′A B   33. A B∩  34. A B∪( )′

18. |G| = 3, |F| = 3

19. Subsets of G: ∅, {I}, 
{II}, {III}, {I,II}, 
{I,III}, {II, III}, {I, II, 
III}; Subsets of F: ∅, 
{love}, {joy}, {peace}, 
{love, joy}, {love, 
peace}, {joy, peace}, 
{love, joy, peace}

20. Proper subsets of F: ∅, 
{love}, {joy}, {peace}, 
{love, joy}, {love, 
peace}, {joy, peace}

21. No, they contain 
different elements.

22. Yes, they both contain 3 
elements.

23. 255

24. 0

25. U

Parents Children

 

Universal set will vary.

26. U
Artists

Sculptors

 

Universal set will vary.

27. U

Men Women

 

Universal set will vary.

28. U
A

B

 

Universal set will vary.

29. {1, 3, 5}
30. {1, 2, 3, 4, 5, 7}
31. {7}
32. {2, 4, 6, 8, 9, 10}
33. 3

34. 4

LIB_Book.indb   83 10/2/2014   4:33:12 PM

kcumbie
Text Box



84 Chapter 2  Set Theory

Use the given Venn diagram to write each set in roster notation.

B

medical

A

b f h j o p q r s v w x y z 

nk gut

U

35. A 36. B 37. A ∩ B

38. A ∪ B 39. (A ∪ B)′ 40. (A ∩ B)′

41. U 42. |A ∪ B| 43. |A ∩ B|

44. |(A ∪ B)′|

Draw a Venn diagram to illustrate each group of sets.

45. U = {Mike, Kim, Susan, Marcel, Jay, Darren, Barbara}
 A = {Mike, Kim, Susan}
 B = {Susan, Barbara, Marcel}
 C = {Susan, Mike, Darren, Barbara}

46. U = {x | x is a whole number}
 A = {2, 3, 6, 8, 10}
 B = {3. 4, 5, 6, 7, 8}
 C = {1, 3, 5, 7}

Solve each problem.

47. A school gym teacher is trying to determine what sports students enjoy the most. She collected 
information on 250 students and found that 150 like volleyball, 110 like soccer, and 65 students 
like both. 

a. Draw a Venn diagram to represent the findings of the teacher.

b. How many students like only volleyball?

c. How many students like only soccer?

d. How many students like neither soccer nor volleyball?

35. {m, e, d, i, c, a, l, n, k}

36. {n, k, g, u, t}
37. {n, k}
38. {m, e, d, i, c, a, l, n, k, 

g, u, t}
39. {b, f, h, j, o, p, q, r, s, v, 

w, x, y, z}
40. {a, b, c, d, e, f, g, h, i, j, 

l, m, o, p, q, r, s, t, u, v, 
w, x, y, z}

41. {a, b, c, d, e, f, g, h, i, j, 
k, l, m, n, o, p, q, r, s, t, 
u, v, w, x, y, z}

42. |A ∪ B| = 12

43. |A ∩ B| = 2

44. |(A ∪ B)′| = 14

45. U A

B C

KimJay

DarrenBarbaraMarcel

Mike
Susan

46. U A

B C

2, 100, 9, 
11, 12, ...

1

6, 8

5, 74

3

47. a. 

SoccerVolleyball
85

55

65 45

U

b. 85

c. 45

d. 55
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48. A camp counselor is planning activities for the summer and wants to know what campers 
would enjoy. He asks 650 campers and finds that 457 enjoy swimming, 250 enjoy tennis, 223 
enjoy jogging. He finds that 176 enjoy swimming and tennis, 75 enjoy swimming and jogging, 
105 enjoy tennis and jogging, and 45 enjoy all three.

a. Draw a Venn diagram to represent the survey results.

b. How many campers enjoy only swimming?

c. How many campers enjoy only tennis?

d. How many campers enjoy only jogging?

e. How many campers enjoy only swimming and tennis?

f. How many campers enjoy only tennis and jogging?

g. How many campers enjoy only swimming and jogging?

h. How many campers enjoy none of the three?

49. A study found that 25% of a certain population has blue eyes, 20% of the population has 
blonde hair, and 12% of the population has blonde hair and blue eyes. Estimate the percentage 
of the population that has blue eyes or blonde hair?

48. a. 

25131

88

30

6014

45
131

U

T J

S

b. 251

c. 14

d. 88

e. 131

f. 60

g. 30

h. 31

49. 33%
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